Painlevé-Gullstrand metric of the black hole allows to discuss the fermion zero modes inside the hole. The statistical mechanics of the fermionic microstates can be responsible for the black hole thermodynamics.
Introduction
In general relativity there are different nonequivalent metrics g µν , which describe the same gravitational object. Though they can be obtained from each other by coordinate transformations, in the presence of the event horizon they produce the nonequivalent quantum vacua. Among the other metrics used for description of the black hole, the Painlevé-Gullstrand metric [1] has many advantages [2, 3] and now it acquires more popularity (see e.g. [4] ). Also just this metric naturally arises in the condensed matter analogs of gravity [5, 6, 7, 8, 9] . Here using the Painlevé-Gullstrand metric we consider the structure of the low energy fermionic microstates in the interior of the black hole and their contribution to the black hole thermodynamics.
The interval in the Painlevé-Gullstrand space-time is
In the acoustic black and white holes, v s (r) is the radial velocity of the fluid, which produces the effective metric for acoustic waves -phononspropagating in the liquid [5, 6, 7] . For the gravitational field produced by the point source of mass M, the function v s (r) has the form v s (r) = ±c r h r , r h = 2MG ,
where r h is the radius of the horizon; G is the Newton gravitational constant; c =h = 1. The Painlevé-Gullstrand metric breaks the time reversal symmetry: the time reversal operation transforms black hole to the white hole (see also [3] ). The minus sign in Eq. (2) gives the metric for the black hole. In the fluid analog of gravity this corresponds to the liquid flowing inward. The plus sign characterizes the white hole and correspondingly the flow outward in the fluid analogy. The time reversal operation reverses the direction of flow. The Painlevé-Gullstrand metric describes the space-time both in exterior and interior regions. This space-time, though not static, is stationary. That is why the energy in the interior region is well determined. Moreover, as distinct from the Schwarzschild metric, the particle energy spectrum E(p) (the solution of equation g µν p µ p ν +m 2 = 0 where p 0 = −E) is well defined for any value of the momentum p. This allows us to determine the ground state (vacuum) and thermal states of the black hole matter in the interior region. We consider here the fermionic vacuum only, assuming that the bosonic fields are the collective modes of the fermionic vacuum.
Fermi surface inside horizon
We shall see that the fermion zero modes inside the horizon have very short wave lengths compared to the size of the hole, that is why the quasiclassical approximation is justified. We start first with the classical energy spectrum of a particle with mass m, which is determined by the metric in Eq. (1):
where p r is the radial momentum. The properties of this spectrum are very different for exterior and interior regions. While outside the horizon, where v s < c, the energy spectrum of particles is gapped, it is gapless inside the horizon, where v s > c. For each point r inside the horizon there is a manifold in 3D momentum space, where the particle energy is zero. This manifold, determined by equation E(p) = 0, forms the 2D surface in the momentum p space:
This surface, which occurs only inside the horizon, is the analog of the Fermi surface in condensed matter. As is well known, the Fermi surface results in the finite density of fermionic state (DOS) at E = 0, and this determines all the thermal properties of the fermionic matter. The same Fermi liquid properties must be shared by the fermionic matter inside the horizon, if the characteristic temperature or the energy of particles are larger than the interlevel spacing.
As we shall see, the main contribution to the DOS come from large momenta, where all the particles are highly relativistic, p ≫ mc. That is why we can neglect the mass of particles and consider all the fermions as massless. This means that all the species of fermions in the Standard Model contribute to the DOS at T = 0. These are N F = 16N g chiral quarks and leptons, where N g is the number of families (N g = 3 for the present Standard Model). For these chiral fermions the 'classical' Hamiltonian is
where σ are the Pauli matrices.
Fermion zero modes inside horizon
Now we proceed to the low energy, where the quantization is important and gives discrete energy levels for fermions within the horizon. Since the momenta of particles are large compared to the size of the horizon, one can use the quasiclassical approximation for the radial motion and the BohrSommerfeld quantization rule. Let us first consider the fermion zero modes in this approximation -the states with zero (or almost zero) energy, E = 0. After quantization of the azimuthal motion, one obtains the following dependence of the radial momentum on r:
Here L is the particle angular momentum; since typically L ≫ 1 we neglect the corrections of order unity in expressions
, etc. In quasiclasical approximation the radial quantum number n r , at which the energy is zero, is obtained from Bohr-Sommerfeld quantization rule:
For the point source of the gravitational field in Eq. (2) one has
The same value λ = 1 is obtained for the Reissner-Nordström black hole. For this hole one has the following function v s :
where M is the mass of the hole; Q is the normalized electric charge of the hole; r + and r − (with r + > r − ) are external and internal horizons correspondingly. For v s < 0 the horizon at r + is black, while that at r − is white. The parameter λ has the same unit value:
Thus λ = 1 for any spherical black hole. From Eq. (7) it follows that for each spherical harmonic (L, L z ) there are two levels with zero energy, n r = ±L. These are the fermion zero modes in the black hole. The total number of fermion zero modes is
Here N F is the number of fermionic species (N F = 48 in the Standard Model with three generations); p 0 is the cutoff momentum; p 0 r + marks the maximal value of the particle angular momentum L within the black hole; we also take into account that the number of the modes is reduced, because the region within the internal horizon r − of the Reissner-Nordström black hole does not contribute to the angular momentum. The cutoff momentum p 0 can be expressed in terms of the effective gravitational constant G, which is determined by the same cutoff according to the Sakharov effective gravity [10] . The effective gravity is obtained by integration over the vacuum fermions, and thus all fermionic species must add to produce the inverse effective gravitational constant:
Thus the number of fermion zero modes is scaled as G −1 . (The same occurs with the Bekenstein-Hawking black hole entropy S BH : as it was first shown by Jacobson, S BH is renormalized by the same quantum fluctuations as the effective gravitational constant G, and thus is proportional to G −1 [11] .) Thus one has for the total number of fermion zero modes:
where E Planck = G −1/2 is the Planck energy; and α is some parameter of order unity.
The main contribution to N zm comes from the momenta p comparable with the Planck momentum. That is why all the masses of fermions were neglected.
Entropy of fermion zero modes at T = 0
We obtained that in the semiclassical approximation there are N zm states within the black hole, which have zero energy. One can speculate that each of these states can be either free or occupied by fermion. This gives the entropy ln 2 per each zero mode at zero temperature:
where A ± = 4πr ± are the areas of outer and inner horizons. If α = π/ ln 2, one obtains the Hawking-Bekenstein entropy for the electrically neutral black hole, where A − = 0. Thus the statistical mechanics of fermionic microstates in the interior of the black hole can be responsible for the thermodynamics of the black hole. However, the consideration of the fermion zero modes shows that for the Reissner-Nordström black hole the entropy is reduced compared with the Hawking-Bekenstein entropy: it is determined not by the area of the outer horizon, but by the algebraic area of black and white horizons:
. This propably solves the problem of the entropy of the extremal black hole -the hole where Q = M and thus r + = r − . For this hole the entropy is zero.
Equidistant energy levels
Now let us discuss the statistical mechanics of the fermionic matter at nonzero T . For that we must know the energy levels and the DOS of the fermionic system within the hole. Quasiclassical states of particle with energy E = 0 is obtained from Eq.(3) for the radial momentum p r . At small nonzero E one can again neglect the masses of all elementary particles and one obtains:
Neglecting at small E the first term under the square root one obtains instead of Eq.(8) the following Bohr-Sommerfeld quantization:
This gives equidistant energy levels
The integral in Eq. (16) for the level spacing ω 0 is logarithmically divergent at both horizons and is determined by the slopes dv s /dr at each horizon. The slope of v s is equal to the surface gravity and thus it is related to the Hawking temperature [12] at each of the two horizons:
As a result the distance ω 0 between the levels is by logarithmic factor smaller than any of the two Hawking temperatures:
One can introduce the modified Hawking temperature:
With this definition the distance between the level is automatically transformed to the Matsubara frequency corresponding to the temperatureT H when the logarithm is analytically continued to the complex plane.
6 Thermodynamics of hole matter at high T Le us now consider the thermodynamics of the hole matter at large enough temperature, T ≫ ω 0 . At these T the discreteness of the spectrum is not important and one obtains the Fermi liquid behavior of the fermionic system, which follows from the existence of the Fermi surface. The entropy of the Fermi liquid S ∝ T and its thermal energy E ∝ T 2 . The factors are determined by the fermionic density of states at E = 0:
The thermal energy carried by microscopic fermionic degrees of freedom in the black hole with nonzero temperature T ≫ ω 0 is:
where f (x) = 1/(e x + 1) is the Fermi distribution function. The entropy of the fermionic matter within the black hole at T ≫ ω 0 :
Discussion
Fermionic matter inside the black hole reproduces the quantization formula for the area of the black hole horizon
where N is integer valued; and the parameter σ is on the order of unity. This formula is used in many modern theories of black hole (see [13, 14] and references therein). Eq.(23) means that the area of the horizon is quantized in units of the Planck area. It is also interpreted in terms of the 'constituents' of the black hole interior -the 'gravitational atoms' [15] . In our case both interpretations are applicable. The quantization formula Eq. (23) indicates that the distance between the quantum levels of the black hole dM/dN ∝ E 2 Planck /M. This is in agreement with the Eq.(18) for the interlevel distance ω 0 in the fermionic spectrum. The quantity N can be related to the number of the fermion zero modes within the black hole N = N zm . The number of fermion zero modes is the integer valued quantity, which according to Eq. (12) is proportional to M 2 /E 2 Planck . In many objects -in cosmic strings and in the core of condensed matter vortices -the number of fermion zero modes is the topological quantum number. The fermionic energy levels within the vortex core most closely resemble the situation in the black hole: these levels are also equidistant (see review paper [7] ).
On the other hand N in Eq.(23) can be related to the number of 'constituents' as suggested in Ref. [15] . Let us consider the total number of thermal fermions inside the horizon if T is on the order of Hawking temperature T H . According to Eqs. (21) and (22) the number of thermal fermions at T ∼ T H is proportional to M 2 /E 2 Planck . Their thermal energy is on the order of the mass M of the black hole, and they carry the thermal entropy of the order of the Hawking-Bekenstein entropy. Thus thermal fermions can also provide the mass an the entropy of the black hole, and can serve as 'constituents'.
These constituents do not actually represent the 'gravitational atoms' which form the quantum vacuum and give rise to the phenomenon of gravitation according to Ref. [16] . These are conventional elementary particles (quarks and leptons) who are excited within the black hole. Their contribu-tion is essential even at the temperature as low as T H , because of the huge density of fermionic states within the black hole.
On the other hand, these constituents have little to do with the matter absorbed by the black hole during its formation. The fermions, which form the matter within the black holes, are ultrarelativistic fermions of the Standard Model, quarks and leptons. The black hole metric emerging after collapse perturbs significantly the spectrum of these fermions, so that the Fermi surface appears with a huge density of states at zero energy. Essential part of these fermions have momenta of order of Planck scale, for whom the effective gravitational theory probably is not applicable. In this sense these fermions are close to the 'gravitational atoms' of the trans-Planckian physics.
We considered the vacuum and thermal states as viewed in the Painlevé-Gullstrand metric. This vacuum is the substantially different from the vacuum state as viewed by comoving observer. The reconstrunction of the vacuum within the black hole involves the Planck energy scale, that is why it is not clear whether the traditional description of the black hole still works. Moreover, the stability of this vacuum is not guaranteed. In most of those condensed matter systems, where the analog of the event horizon is possible, the vacuum becomes unstable in the presence of horizon, i.e. the vacuum of the condensed matter resists to the formation of horizon [7, 17] .
Even if the black hole survives under such reconstruction of the vacuum states, there is another problem to be solved. When the thermal states of the fermionic black-hole matter are considered, their energy and pressure must serve as a source of gravitational field according to (maybe somewhat modified) Einstein equations. This will certainly change the field v s which enters the black hole metric and thus the energy spectrum will be modified. On the other hand the interlevel distance in Eq.(16) depend only on the slope dv s /dr at horizons, which is the surface gravity. That is why the Eq.(18) remains intact.
In conclusion, we considered the statistical mechanics of fermionic microstates in the interior of the black hole. The fermion zero modes give the correct dependence of the black hole entropy on the area of the black hole, on the number of fermionic species, and on the Planck cut-off parameter. That is why they can be responsible for the thermodynamics of the black hole. The consideration in terms of the fermion zero modes shows that in case of the Reissner-Nordström black hole the entropy is reduced compared with the Hawking-Bekenstein entropy: it is determined not by the area of the outer horizon, but by the algebraic area of outer and inner horizons: S = A/4G, where A = A + − A − = 4π(r 2 + − r 2 − ); and it becomes zero for extremal black hole.
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